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ON  THE  NATURAL  SHIFT  OF  A  RESONANCE  FREQUENCY 


Robert  J„  Harrach 
National  Bureau  of  Standards,    Boulder,    Colorado 


ABSTRACT 

The  natural  resonance  frequency  shift,    caused 
by  the  transition-inducing  radiation  field,   is  examined 
for  a  magnetic  dipole  transition  between  hyperfine 
structure  levels  in  the  ground  state  of  a  thallium  atom. 

A  calculation  predicts,   for  an  atomic  beam  experiment, 

n     10 
a  natural  shift  magnitude  of  1 .  4  parts  in  10        of  the  thallium 

resonance  frequency,    per  mW/Oe.     In  the  experiment, 
frequency  shifts   caused  by  overlap  of  neighboring  res- 
onances were  observed,    but  the  natural  shift  was  un- 
resolved,   indicating  that  its   size  is  more  than  an  order  of 
magnitude  below  the  calculated  value.     Subsequently  it 
has  been  shown  that  the  natural  shift  was  inhibited  by  the 
particular  radiation  field  mode  used  in  the  experiment. 
When  the  theory  correctly  takes  this  mode  into  account, 
the  calculated  natural  frequency  shift  is  consistent  with 
the  experimental  results. 


Key  Words:     Atomic  Beam,    Frequency  Shift,    Radiation  Field, 
Resonance,    Thallium 


INTRODUCTION 

The  magnetic  and  electric  components  of  a  radiation  field  that 
induces  transitions  between  a  pair  of  stationary  state  energy  levels, 
perturb  the  levels  in  a  manner  that  depends  on  the  radiation  field  intensity, 
Consequently  the  resonance  frequency  for  the  transition  is  a  function  of 
this  intensity,    exhibiting  a  "natural"  shift  away  from  the  Bohr  separation 
frequency  of  the  two  levels  in  the  unperturbed  atom. 

In  a  calculation  the  natural  shift  arises    from  two  contributions. 
One  depends  on  the  radiation  field  coupling  neighboring  energy  levels  to 
the  pair  involved  in  a  given  transition.     A  second  contribution  is  due  to 
the  "anti-rotating"  or  non-resonant  time  component  of  the  oscillating 
radiation  field.     The  latter  effect  has  as  its  leading  term  the  familiar 
Bloch-Siegert  expression,  and  the  former  has  been  discussed  by 

balwen,  Ramsey,  Mizushima,  Shirley,  and  others. 

In  this  paper  a  derivation  is  given  of  the  natural  shift  for  a  four- 

level  quantum  system  of  the  type  displayed  by  the  ground  state  hyperfine 

structure  levels  of  a  hydrogen  or  thallium  atom  in  a  weak  external 

magnetic  field.     An  attempt  to  measure  this  shift  with  an  atomic  beam 

experiment  using  thallium  atoms  and  Rabi-type  (single  radiation  field) 

excitation  is  then  described.     In  studying  a  magnetic  dipole  V  -transition 

between  the  levels  (F,M    )  =  (1,1)  and  (F,M    )  =  (0,0),   it  was  found  that 

r  F 

the  natural  shift  was  not  resolved,   indicating  that  its  size  is  more  than 

an  order  of  magnitude  below  the  calculated  value.     Subsequently,   it 

[  17l 
has  been  shown  by  J.   Shirley  that  the  natural  shift  was  inhibited 

by  the  particular  radiation  field  mode  used  in  the  experiment.     Appreci- 
able radiation  field  intensity-dependent  shifts  were  observed  for  very 
small  external  magnetic  field  magnitudes  (extreme  proximity  of  neigh- 
boring energy  levels),   with  the  shifts  becoming  larger  than  2  parts  in 


9 
10     of  the  resonance  frequency  value,   per  milliwatt  variation  of  input 

intensity  to  the  radiation  field.     These  are  attributed  to  ordinary  overlap 

of  the  (1,  1)  *-*  (0,0)  transition  with  the  weakly  excited  (1,0)  «->  (0,0)  transition, 

In  the  Appendix  consideration  is  given  to  the  natural  frequency  shift 

of  an  atomic  beam  resonance  when  the  excitation  is  made  by  a  pair  of 

separated  radiation  fields  „     Shift  expressions  are  given  for  two  transitions 

between  hyperfine  structure  levels  in  the  ground  state  of  cesium- 133. 

THEORY 
Interest  will  be  confined  to  magnetic  dipole  interactions  in  quantum 
systems  for  which  the  Stark  effect  is  negligible.     The  radiation  field  is 
then  specified  as  an  oscillating  magnetic  field,   H    (t)  =  H    cos(cot),   and  the 
interaction  between  the  quantum  system  and  field  is  given  by  the  semi- 

A 

classical  Hamiltonian  V(t)  =  -  jj  *H   cos(cot),   where  juis  the  magnetic  dipole 

a  ~   ~r  ~ 

moment.     Let  K     be  the  Hamiltonian  of  the  system  in  a  weak  external 

o  ' 

magnetic  field,    H    ,   with  nondegenerate  eignevalues  W     corresponding  to 

~  c  k 

a  complete  orthonormal  set  of  eigenf unctions  )  U    (x) 


{*&)  ■■ 


A 

K    U    (x)  =  W    U    (x),   W  >W    ,  (1) 

O       lC  /■%_•  JK       xC  /-^  iC"rl  xC 


/ 


U.    (x)U.  (x)dx  =    6     .  (2) 

j     ~     k  _    _         jk 


(3) 


The  problem  is  then  to  solve  the  Schro'dinger  equation: 

ih^-    Y(x,t)  =     \k     +V(t)l     Y(x,t). 

ot       ~  L     °  J       ~ 

If  a  solution  is   sought  as  an  expansion  in  the  eigenfunctions   of 

A 

K     in  the  form  t 

o  -it,    t 

Y(x,t)  =  V    C.  (t)e  U,  (x),  (4) 

then  the  Schro'dinger  equation  is  replaced  by  a  set  of  coupled  differential 
equations  in  the  time -dependent  amplitudes   C    (t) : 


r  t  i(()J  +  ^W  "1?vt 

i±c.(t)=    U.  -  ?.    C.(t)  +  e  J     >,b(j,k)e  C    (t),    all  j,       (5) 

dt     j  L  j         jj     j  frg.  * 


J 


where  u).  =  W./fi,    and 
J  J 


2b(j,k)  s  _  1  Aj*(x)u-H    U    (s)dx. 


(6) 


To  obtain  Eq.    (5)  it  has  been  assumed  that  b(j,  j)  =   0,    for  all  j,    and  the 

rotating  field  approximation  has  been  used,    replacing  cos(uot)  =    (e       +  e        )/2 

iuut  / 

by  the  single  exponential  function  e       /2.      This  neglect  of  the  anti-rotating 

component  of  the  radiation  field  precludes  a  derivation  of  the  Bloch-Siegert 
shift  in  what  follows  . 

The  time -dependent  part  of  the  expansion  (4)  has  been  written  in 

[7] 
the  form  of  J.   Shirley's  "phase  factoring"  transformation.  For  many 

quantum  systems  it  is  possible,    by  making  judicious  choices  for  the 

values  of  the  phase  factors,  <  5,  > ,    to  satisfy  the  set  of  equations 

U>+   ?.  - '?.    =0,  (7) 

J         k 

[8] 
for  all  j  and  k  for  which  b(j,  k)  ^    0.  In  this  case,    Eqs.    (5)  simplify  to 


i  ~C.(t)  =    [ttlj  -  Sjc.ft)  +Vb(j,k)Ck(t).    all  j 


(8) 


Eqs.    (8)  are  amenable  to  a  perturbation  treatment,    similar  to  that  of 

[2] 
Salwen,         by  which  resonance  frequency  shifts  may  be  calculated. 


A  well  known  special  case  is  that  where  the  quantum  system  may- 
be represented  to  a  very  good  approximation  as  a  two-level  system,    so 

that  only  two  of  the  C    (t)  in  (l|),    say  C    (t)  and  C    (t),    are  nonzero.     Then 

[7]P  q 

the  choice  of  phase  factors  can  be 


£     =  (tw     +  uu     -  uu)/2  , 

p        p       q 


S     =  (in     +  uu     +  «))/2  .  (9) 

q  p         q 

The  pair  of  coupled  differential  equations,   written  as  a  single  matrix 
equation,    are  then 

d  /cpw\  /"tV"'    b(pq) 

dt    \cq(t)/    ^   b<pq)  +  T(u,qp-,,,)'  \cq(t) 


Eq.      (10)  can  be  solved  exactly,    and  lead  to  the  Rabi  transition 

[91 
probability.  The  resonance  frequency  for  the  transition  in  this  case 

equals  the  Bohr  frequency,   id        =  uu     -  uu    . 

qp       q       P 

The  result  of  bringing  in  energy  levels  other  than  the  pair  (p,  q) 
involved  in  a  given  transition  is  to  give,   in  a  way  to  be  described,    an 
"effective"  two-level  problem,    but  with  the  elements  of  the  2X2  matrix 
Hamiltonian  in  Eq.    (10)  shifted  to  slightly  different  values.      Thus 
consider  the  generalized  two-level  problem: 


(ii) 


d       p    \  /         w  p 


The  general  solution  is 


CP()\         -v*-^  /  V<+> 

=  a(t)e  P  +  a_(t   )< 

C    (t,  /  \^  X  <+) 


P 


(12) 


where  the  eigenvalues  are  (using  the  upper  or  lower  sign  throughout) 


h- 


(o 


Mi±4    ^(a-e)2  +  l4|b|2. 


(13) 


and  the  corresponding  orthonormal  eigenvectors  are 


/  K& 


xq(±) 


A    b 


\* 


7? 


(a  -  e) 

^ 

V(a-3)2  +  l^|b|2, 

1 

(a-  8) 

1    2 

/               2                   2  ' 

V(a-  B)    +  l/  |b| 

\ 


/ 


(H) 


The  constants  a    (t    )  are  determined  by  the  given  initial  state  at  t  =  t    . 
The  probability,    P,    that  the  quantum  system  makes  a  transition 
from  its  initial  state  after  being  exposed  to  the  radiation  field  for  a 
duration  T  is  defined  in  terms  of  the  absolute  value  squared  of  the 
"overlap"  of  the  initial  state  (at  t  =  t    )  onto   the  state  vector  at  time 


t     +  T: 

o 


P  =  1  - 


C    (t   )C    (t     +  t)  +  C    (t   )C    (t     +  t) 
p    o      p    o  q    o      q    o 


(15) 


k   |ajt   )|2|a    (t   )|2sin2  | 


+    o    '     '    -     o 


[■ 


+ 


] 


If  the  initial  state  is  either  p  or  q,    we  find  that  the  transition  probability 
for  an  effective  two-level  system  is 

P(p~q) = fr-«»!''ibii  sint ^ V<a"B,z+"b|1'    (16) 


For  the  special  case  of  no  neighboring  energy  levels,    the  matrix  elements 
a,    $,    and  b  are  given  as  in  Eq.    (10),    and  the  Rabi  transition  probability 
results. 

In  treating  an  ensemble  or  beam  of  atoms  interacting  with  the 
field,    the  sine-squared  term  in  Eq.    (16)  is  averaged  over  the  ensemble. 
The  condition  that  defines  the  resonance  frequency  is  that  the  denominator 
in  P  (p  ♦— >q)  take  a  minimum  value.     When  b  is  independent  of  frequency, 
this  implies  that  the  resonance  condition  is 

a-  3  =  0.  (17) 

Evaluating  a  and  p  for  a  given  stationary  state  energy  spectrum  thereby 

determines  the  resonance  frequency.      This  evaluation  is  now  carried  out 

for  a  specific  example. 

The  ground  state  of  a  thallium  (or  hydrogen)  atom  in  a  weak 

external  magnetic  field,   H  ,   has  four  hyperfine  structure  levels,    shown 

in  Fig.    1,    corresponding  to  the  possible  values  of  the  total  angular 

momentum  quantum  number,    F,    and  the  projection  quantum  number, 

M„,    in  the  direction  of  H  .  Our  interest  will  be  in  transitions 

F  ^jc 

from  the  single  lower  level,    (F,  M    )  =  (0,  0),    to  one  of  the  three 

F 

relatively  closely  spaced  upper  levels.      The  frequencies  of  these 
transitions  are  in  the  microwave  region. 

In  considering  the  effect  on  the  lj.<— »1  transition  (ie,    the  (1,1) 
«— *(0,  0)  transition)  due  to  the  levels  2  and  3,   we  encounter  four 


simultaneous  differential  equations  of  the  form  (5).      The  most  signi- 
ficant radiation  field  couplings  are  represented    (see  Eq.    (6))  by  the  matrix 
elements   b(l,  4),    b(l,  3),    and  b(l,  2).      The  element  b(2,  4)  is  identically- 
zero  by  the  magnetic  dipole  selection  rule,    A  M     =   0,   =•=  1.      The  elements 

F 

b(3,  4)  and  b(2,  3)  can  be  neglected  as  regards  their  influence  on  the 

[12] 
4  « — >1  transition. 


Retaining  only  the  three  matrix  elements,    Eqs.    (7)  are  satisfied 


by  taking 


?!  =  ({"l  +W4-U))/2J 


(18) 


?4=  (^  +  ^4  +  u>)/2  = 


3=§2 


This  produces  four  coupled  equations  of  the  form  (8),    that  can  be  written 
as  a  single  matrix  equation  containing  the  following  4x4  matrix 
Hamiltonian: 


/ 


\ 


(to-  «)41)/2 

b(l,2)                 b(l,3) 

b(l,4) 

b*(l,2) 

(aJ2r%2  _UJ)//Z             ° 

0 

b*(l,3) 

0                (0J31-0J43-0))/2 

0 

b*(l,4) 

0                            0 

(«>41-w)/2 

/ 


An  iteration  method  is  used  to  reduce  this  to  a  2  x  2  matrix 

with  diagonal  elements  cx}    3and  off-diagonal  elements  b,  b*.      The  procedure 

—  iXt 

is  to  make  the  transformation  C.  ft)  =  \  e  ,    k  =   1,  2,  3,  4,    in  (8),    thereby 

k  k 

producing  a  4  x  4  eigenvalue  problem.      The  component  equations  are 

U^a^+b^r     (w-  tu41)X1/2  +  b(l,2)X2  +  b(l,  3)  \3  +  b(l,4)x4,  (19) 

X\4  =  b*Xj  +  3X4-  b*(l,.4)  Xx+  (U)41  -  w)  \4/2   ,  (20) 

W2  =   b*(l,2)  Xi  +  (a>2i-  uj42  -  oj)  \2/2  ,  (21) 

U3  =  b*(l,  3)  ^  +  (^  -  w  43-uj)  \3/2  .  -  (22) 


The  first  two  equations  define  ex,    g,    and  b  for  the  effective  two -level 
problem. 

The  zero -order  approximation  consists  of  taking  X      =   X     =   0 
(i.e.  ,    completely  neglecting  the  neighboring  energy  levels).     In  this  case, 
a=    (uo  -  UJ      )/2  =    -  S,    and  the  resonance  condition  (17)  gives  (JO  =  uj      . 

The  eigenvalue,    by  Eq.    (13),    is 

*■  =   ±  1^  ((^-%1)2  +  4|b(l,4)|2, 

In  first-order  and  higher  approximations,    X      and  X     in  Eqs.    (21) 
and  (22)  are  solved  in  terms  of  X    ,    X        X,    and  Ul).     In  these  solutions  X 
and  uo  are  iteration  parameters,    denoted  by  X'  and  (JO1.     We  find  that 

X2  =    -  2X^(1,  2)/(«J"21   -  «)42  -W'  -  2X-),  (23) 

X3  =    -  2X1b*(l,3)/(U)31  -  UJ43  -  «)»  -  2X»). 

Substituting  these  relations  into  (19)  and  (20)  gives  a  pair  of  equations  in 
X     and  X     alone,    and  identifies  ex,    p,    and  b  for  the  problem  as: 


CL=     (U)-   U041)/2    - 


2[b(l,2)l2  Z]b(l,  3>12 


-  ^21   "  ^42  "  (tJ°'    +    2X,)  ^31   ~  %3   "  ^    +  2V) 

S  =    (U)41   -  (i))/2, 

b  =  b(l,4).  (24) 

In  n  th  -  order,    (A)'  is  taken  to  be  the  resonance  frequency  determined  in 

r  13] 

order  (n-1),    and  X'  is  the  eigenvalue,    Eq.    (13),    evaluated  at  U)1. 

Thus,    for  first-order  results,    U)1  =  uu       and  X'  =    |b(l,4)|  .The  resonance 


8 


condition  (17)  then  gives  the  frequency  shift: 


2lb(l,2)l2  2|b(l,3)|2 

Vs  "  m41  "    +   (uj21  -uu42  -  uu41  -  2|b(l,4)|)    +   (uj31   -iu43  -u)41  -  2|b(l,4)|) 

(25) 

Quantities  like  |b(j,  k)|  '  are  proportional  to  the  square  of  the 

radiation  field  magnitude,    and  are  thereby  proportional  to  the  radiation 

[14] 
field  intensity.     Using  the  expressions  of  Torrey  .    it  is  found  for 


thallium  that 


and 


|b(l,  4)|2  as  u2H2sin2(rfl/72h2  =  |b(l,  2)|2,  (26) 

o    r 


|b(l,3)|2    ^u2H2cos2(Ti)/36h2)  (27) 

o    r 


where  u     is  the  Bohr  magneton,    and  H   sin(r))  and  H   cos(ri)  are, 
o  r  r 

respectively,    the  components  of  the  radiation  field  magnitude  perpen- 
dicular to  and  parallel  to  the  static  magnetic  field,    H    . 
v  &  ~c 

The  Bohr  separation  frequencies  are  evaluated  using  the  Breit- 
Rabi  formula         .     For  thallium, 


W,    3!    UU    ,     U)         2S     (JO       -  KH    ,    (A)         S:   (JU       +    XH    , 

31  o        21  o  c       41  o  c 


«)._  2=   +   2KH   ,    (JU       =   +KH   , 
42  c        43  c 


(28) 


where  U)   /2TT  s  v     ^  2.  13108  X10        cps,    and  x/2n^  4.  65  X    105(cps/Oe) 


Collecting  these  results,    the  first-order  frequency  shift  expression 
for  the  (1,  1)  «^»(0,  0)  transition  in  thallium  is 


6uo  =  uu  _  m       = 

res         41 


|i   H  sin   (r\) 
o    r 


(144)h  KH 


1  4ctn    (T]) 

/  UoHrsin(n)\       /        UoHr8in(Ti)^ 

L^1  +    12^hHHc    )      \  +   GJT^KH      /J 


2TT2    .    2,   . 
U   H   sin    (ti)      r 
o    r 


(144)  ft   KH 


1   +  4ctn    (r\) 


(29) 


The  approximate  form  applies  when  the  static  field  magnitude  is  large 
compared  to  the  radiation  field.      The  shift  then  varies  linearly  with 
radiation  field  intensity  and  inversely  with  the  magnitude  of  the  static 
magnetic  field. 

EXPERIMENT 


An  atomic  beam  experiment  of  the  Rabi  type,    in  which  atoms 
traverse  a  single  radiation  field  region,    was  performed  to  measure  the 

natural  frequency  shift  (29).     A  circular  cylindrical,    variable  length 

[15] 
cavity  operated  in  a  TE  mode         provides  the  radiation  field.     In  this 

mode  the  important  magnetic  component  oscillates  parallel  to  the  cavity 

axis,    with  a  maximum  amplitude  directly  on  axis  given  by 

H    (t)  =  H   sin(2TTx/\    )cos(uot),     0^x^\g/2,  (30) 

r  r  g  & 

where  X    is  the  radiation  wavelength  in  the  cavity,    and  x  measures  distance 

along  the  axis.     Also  present  in  this  mode  are  a  radial  magnetic  component 

and  circumferential  electric  component,    each  of  which  has  zero  magnitude 

directly  on  axis.     The  radiation  source  is  a  phase -locked  klystron,    and 

power  transmitted  to  the  cavity  through  standard  K-band  waveguide  is 
measured  by  a  bolometer. 
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A  beam  of  thallium-205  atoms  effuses  from  an  oven  through  a 
narrow  rectangular  slit  and  passes  along  the  axis  of  the  resonant  cavity. 
The  oven  is  operated  at  900    K,    so  that  the  most  probable  velocity 

for  atoms  in  the  beam  is  /3/2  v     =  /3k-nT/m  =    3.  4  X  10     cm/sec„      The 

-7 
resonant  length  of  the  cavity  in  vacuum  (4x10        torr)  is  X  -   16  cm, 

giving  a  theoretical  resonance  line  width  of  (1.  07)  v  /t=    1.9  kcps 

at  optimum  excitation  intensity. 

A  constant  magnetic  field  (c-field)  is  applied  transverse  to  the 
beam  by  means  of  a  current  supplied  to  four  rods  in  a  rectangular  array. 
The  cavity  is   suspended  into  the  center  of  the  c-field,    and  the  entire 
region  is  magnetically  shielded.      The  polarizations  of  the  applied  c-field 
and  oscillating  magnetic  field  are  mutually  perpendicular,    and  magnetic 
dipole  TT-transitions  are  excited. 

Deflection  of  the  thallium  atoms  is  made  by  two  water-cooled 
inhomogeneous  electromagnets  at  the  entrance  and  exit  to  the  shielded 

region.     Each  magnet  has  a  4-in.    gap  length,  and  gives  a  field 

3  4 

magnitude  and  gradient  at  the  beam  of  6x10     Oe  and  20  3  X  10     Oe/cm, 

respectively.      Beyond  the  second  inhomogeneous  magnet,    atoms  which 

have  made  a  transition  converge  on  an  oxidized  tungsten  wire  detector, 

operated  at  a  temperature  of  1Z80    K. 

Measurement  of  the  resonance  frequency  is  made  by  a  manual 

(as  opposed  to  servo)  technique.  A  single  experiment  consists  of 

adjusting  the  c-field  current  to  a  certain  value  and  measuring  the 

resonance  frequency  of  the  (1,1)  <— *(0,  0)  transition  for  various  levels  of 

input  power  to  the  cavity. 

Statistical  uncertainties  of  the  measured  frequencies  were  typically 

20  to  80  cps  (i.e.,    several  parts  in  1  0     of  the  resonance  frequency  value). 

However,    since  the  transition  is   strongly  dependent  on  magnetic  field,    the 

measurement  precision  was  limited  by  small,    sporadic  variations  in  the 

c-field.     From  the  expression  for  oi^j   in  (28),    it  is  seen  that  a  change  in 

11 
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c-field  magnitude  of  only   1X10      Oe  results  in  a  resonance  frequency- 
shift  of  almost  50  cps.     Such  a  change  can  arise  from  a  variation  of  about 
0.1%  in  the  c-field  current,    or  from  imperfect  shielding  of  variations  in 
the  magnetic  environment  of  the  laboratory. 

Within  the  uncertainty  of  the  results,   no  radiation  field  intensity- 
dependent  frequency  shift  was  observed  for  the  (1,  1)  •*-*  (0,0)  resonance 
until  the  c-field  magnitude  was  reduced  to  a  value  slightly  less  than  0.0  50  Oe 
Some  representative  data  are  shown  in  Figs.   2-4,   where  the  input 
microwave  power  to  the  cavity  is  denoted  by  p,    and  the  experimentally 

determined  optimum  input  power  is  p      =0.1  mW  .     The  frequency  shifts 

o 

are  normalized  to  be  zero  at  p  =  0,   and  data  are  shown  for  values  of 
p/p     up  to  240  . 

The  observed  frequency  shifts  are  fairly  linear  with  p,    but  show 
a  definite  "saturation"  effect  for  small  c-field  magnitudes  and  high  input 
powers.     This  tendency  is  very  pronounced  for  the  lowest  c-field  value 
shown  (0.0108  Oe).     For  the  other  c-field  magnitudes  it  is  useful  to  find, 
by  least  squares  analysis,   the  straight  lines  which  best  approximate  the 
data.     These  appear  as  the  solid  lines  in  Figs.   2  and  3. 

To  interpret  these  results,  we  first  evaluate  the  natural  shift 
expression  (29)  for  the  atomic  beam  experiment.  When  the  radiation 
field  intensity  is  optimum  for  exciting  an  atomic  beam  resonance  between 

any  pair  of  levels   (j,k),    the  matrix  element  coupling  these  levels  is 

.     [10] 
given  by 


b    (j,k)    |    =  1.885  v   /I.  (31) 

o  o 


Using  also  the  relations 


2         „2  /„2 


iMj.k)  r/i  b  a,k)  r  =h7*t  =P/p , 

o  r       r  o 

o 
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and  Eqs.    (26)  and  (27),    we  can  express  Eq.    (29)  as 


6V   = 


5^  (1.885voA)p 

2n     '  4nKH  p 

CO 


1   +   4  ctn    (r\ ) 


(32) 


With  the  appropriate  values  of  v  ,  t,    and  H,    this  becomes 

o 


6V  - 


0.  30p 

H  p 
c    o 


1   +  4  ctn    (ri) 


(33) 


where  Sv  is  in  cps  and  H     in  Oe . 

c 

The  applied  c -field  is  perpendicular  to  the  oscillating  radiation 
field,    but  since  the  magnetic  shielding  is  imperfect  a  residual  static 
magnetic  component  exists  in  the  apparatus,    making  the  angle  r\  deviate 
somewhat  from  tt/2  radians.     A  lower  limit  for  the  magnitude  of  the 
natural  shift  is  found  by  setting  T]  =  tt/2  in  (33),    and  this  lower  limit  is 
much  larger  than  any  shift  observed.     For  example,    at  H     =   0.0469  Oe, 
the  predicted  shift  is  about  -60  cps/mW,    while  that  observed  (Fig.  2  )  is 
about  -2  cps/mW.     At  very  low  c -field  magnitudes,    the  expression  for 
the  natural  shift  has  to  be  carried  to  higher  than  first-order,    and  the 
shift  is  no  longer  linear  but  levels  off  at  high  intensity.     This  Is  in 
qualitative  agreement  with  the  data,    but  quantitatively  the  situation  is 
not  improved:      the  predicted  natural  shifts  are  more  than  an  order  of 
magnitude  larger  than  any  observed. 

Part  of  this  disagreement  is  accounted  for  in  an  "intuitive"  way 
by  considering  the  expression  (30)  for  the  transition -inducing  magnetic 
field  component.      The  field  magnitude  is  not  constant  throughout  the 

transition  region,    but  varies  as  a  half  sine  wave.      This  suggests  that  the 

Z 
H      term  in  (29)  should  be  replaced  by 

H2  <sin2(2TT  x  A    )>  =  H2A- 
r  g  r' 
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This  would  reduce  the  natural  shift  by  a  factor  of  two.      But,    strictly- 
speaking,    the  variation  of  the  oscillating  field  magnitude  makes  the 

natural  shift  a  function  of  atom  velocity,    and  invalidates  the  simple 

[17] 
resonance  condition  (17).     Dr.    J.    Shirley  has  made  a  detailed  analysis 

of  the  natural  frequency  shift  which  should  result  when  the  radiation  field 

is  of  the  form  (30),    and  his  results  completely  explain  the  depression  of 

the  natural  shift  magnitude  below  the  level  that  could  be  clearly  resolved 

in  this  experiment. 

A  study  of  other  effects  that  could  be  responsible  for  the  observed 
frequency  shifts  leads  to  the  conclusion  that  overlap  of  the  (1  ,  1)  ♦— ♦  (0,  0) 
transition  with  the  (1  ,  0)  «— »  (0,  0)  transition  could  be  significant.      The 
latter  is  a  magnetic  dipole  cr-transition,    excited  by  a  component  of  the 
radiation  field  which  is  parallel  to  the  static  c-field.     Because  of 
imperfect  magnetic  shielding,    such  a  component  was  present,    and  the 
(1  ,  0)  «— »  (0,  0)  transition  was  weak  but  observable.      The  other  thallium 
transition  that  could  be  important,    the  (1,-1)  <— +  (0,  0)  transition,   was  not 
observed,    since  atoms  which  make  this  transition  are  deflected  away 
from  the  detector  by  the  inhomogeneous  magnets. 

To  calculate  an  expression  for  the  overlap  frequency  shift,   we 
can  represent  the  line  shapes  by  the  Lorentzian  function 

2  2  2 

q(v)   =  qQw    /  0(v  -   vQ)      +  w    ]    ,  (31+) 

which  gives  a  line  centered  at  vQ)   with  maximum  height  q    ,    and  line 

width  at  half-maximum  given  by  w.      The  variation  of  the  line  shape  with 

radiation  field  intensity  is  fixed  by  determining  experimentally  the 

dependence  of  w  and  qQ  on  the  microwave  input  power,    p. 

For  two  neighboring  resonance  lines  of  the  form  (31+),    it  is  easily 

found  that  the  shift  of  the  line  center  of  one  due  to  overlap  with  the  other 

is  given  by 

6V  -    (qyqo)(w')2w2Av/[l|(Av)2  +  (W)2]2,  (35) 

1U 


where  Av  is  the  separation  of  the  unshifted  line  centers,    and  the  prime 
refers  to  the  neighboring  line.     From  Eqs.    (28),   we  have  Av  =  -   xH    I 2-ti  . 
The  experimental  determination  of  the  input  power  dependence  of  the  line 
width,    shown  in  Fig.    5,    gives 

w=    (2.2)103(p/po)1/4Cps,  (36) 

and  w'  is  given  by  the  same  relation.     Thus  the  overlap  frequency  shift 
of  the  (1,  1)  «— »  (0,  0)  resonance  is  expected  to  be 

-(l.l)107(q^/qo)(p/po)Hc 

6v  =       p =— : 1/712      CpS"  (37) 

[(8.6)10  V   +    4.8(p/po)i/ZJ 

When  the  line   separation  is  large,    this   simplifies  to 

6v  =    -(1.5)10"5(qyqo)(p/po)/H3cps.  (38) 


The  factor   (q"/q   )  was  found  to  be  approximately  1/4,    though  it  varied 
slightly  with  both  p  and  H    . 

Comparing  the  expressions   (37)  and  (38)  with  the  observed 
frequency  shifts,    it  is  found  that  they  agree  within  an  order  of  magnitude. 
Also  the  observed  rates  of  frequency  shift  display  the  inverse  cube 
dependence  on  c-field  magnitude  given  in  Eq.    (38),    as  shown  by  the 
least  squares  determined  line  in  Fig.    6.     The  observed  shifts  are 
therefore  consistent  with  an  interpretation  in  terms  of  overlap. 

Despite  the  shortcomings  of  the  experiment  that  has  been  described, 
two  improvements  would  make  it  very  well  suited  to  an  observation  of  the 
natural  resonance  frequency  shift.     First,    one  should  use  a  radiation  field 
mode  in  which  the  oscillating  magnetic  field  component  has  constant  amplitude 
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over  the  length  of  the  transition  region  (for  a  given  instant  in  time), 
rather  than  a  variable  amplitude  as  given  by  Eq.   (30).     The  natural 
shift  would  then  have  its  full  magnitude  as  given  by  Eqs.    (29)  and  (32). 
Second,   by  using  improved  magnetic  shielding  and  improved  c-field 
geometry  in  the  apparatus,    the  neighboring  transition  (F,M    )  =  (1,0)    «— ♦ 
(F,M-r-,)  -  (0,0)  could  be  almost  eliminated,    and  one  would  expect  no 
sizeable  frequency  shifts  due  to  overlap.     The  most  significant  effect 

that  would  compete  with  the  natural  shift  would  then  probably  be  shifts 

[3] 
due  to  unbalanced  sidebands  in  the  excitation  spectrum.  The  presence 

of  such  shifts  could  be  ascertained  by  intentionally  altering  the  sideband 

intensities  „ 
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APPENDIX 


[10] 
When  an  atomic  beam  experiment  is  of  the  Ramsey  type, 

employing  excitation  by  a  pair  of  radiation  fields  separated  by  a  "drift" 

region,   the  natural  frequency  shift  calculation  is  more  complicated. 

The  transition  probability  for  the  effective  two-level  problem  in  this 

case  is  found  to  be 


P(p~q> 


H(a 


4     b 


2  i      .2 

B)     +4  b 


) 


.iV 


iA    t 


r_  i  /  -iX+T     ~iX  T 

X  I  cos    (w        -  uu)T/2      (  e  +  e 


) 


(39) 


i(a  -  B) 


V(a-  B)Z  +4|b|Z 


sm 


1/    -iX+T         -iX_T\ 
(Ou        -  uj)T/2    I  e  -  e  ) 


where    uu        is  the  space  average  Bohr  frequency  in  the  drift  region  of  the 
apparatus,     T  =  L/v   is  the  time  required  by  an  atom  with  velocity   v   to 
traverse  the  drift  region  of  length    L,     T  =  t/v   is  the  time  required  to 
traverse  each  of  the  radiation  field  regions  of  length   I,    X      is  given  by 
Eq.    (13),   and  a,  B,  b   are  defined  by  Eqs.    (11).     As  before,    a,  (3,   and  b 
are  evaluated  for  a  given  stationary  state  energy  level  spectrum.     A 
frequency  increment   6ui)    is  defined,   in  a  given  order  of  the  iteration 
calculation,   by 


a  -  B    -  w  -  uu 


qp 


•0)  , 


(40) 


where    ll)        is  the  Bohr  frequency  corresponding  to  the  c-field  magnitudes 
(assumed  equal)  in  the  two  transition  regions.     But  the  resonance  condi- 
tion is  no  longer   (X  -  8  =  0.     Rather, 
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u,         ~   m       +   M   (u,       +  6uo  -  uu      )0  (41) 

res  qp  L         qp  qp 

The  coefficient  k   depends  on  the  value  of    (id       -  li)      )    and  on  the  level  of 

[18]  qp      qp 

radiation  field  intensity.  For  the  "ideal"  case  where    U)       =  oj      ,    k 

qp      qp 

is  independent  of  intensity  and  approximately  equals  unity.     The  natural 
resonance  frequency  shift  is  then  given  by 

—  t 

id  _  a)       =  —  8uo  .  (42) 

res  qp         Ij 

A  special  case  of  interest  is  the  frequency  standard  transition 

between  the    F  =  4,    M      =  0    and   F  =  3,   M      =  0   hyperfine  structure  levels 

F  F 

of  a  cesium  atom.     Taking  into  account  the  nearest  neighboring  energy 
levels,    shown  in  Fig.     7  ,    and  retaining  only  the  radiation  field  couplings 
indicated  in  the  Figure,   the  natural  frequency  shift  of  the  (4,  0)*— »(3,  0) 
resonance  is  derived  to  be 

6uu  =  (uu        -  eu     ) 

res  res        52 


L 


[        lb(2,6|2  |b(2,4)|2  |b(l,5)|2  |b(3,5)|2      1 

L(W62-m52+m65)"(m52-m42+a,54)       {\l~  V  "zJ       (V  W53+  Vj 


^  +  31  |b    |2  tan2(ri)p/Lpo,         (43) 

where    T)   is  the  angle  between  the  c -field  and  radiation  field,    and  in  this 
case,     I  bQ  I  =  (0.  942)Vq/^  .      The  latter  form  results  when  the  matrix  elements 
are  evaluated  for  cesium  through  terms  linear  in  c-field,    and  the  Bohr 
frequencies  are  evaluated  through  the  quadratic  c-field  terms. 

A  similar  calculation  for  the  (4,  l)«-»(3,  1)  transition  in  cesium 
gives 

6u)         =  I  |b    |     tan   (T|)p/l5Lp    2n  (7. 00)10  H     .  (44) 

res  o  r'  o  c 
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Fig.    1.      Hyperfine  structure  levels  of  the  ground  state  of  a  thallium-205 
atom  in  a  weak  external  magnetic  field. 
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Fig.    2.      Measured  frequency  shifts  of  the  (1,  1)  *— (0,  0)  resonance  for  the 
c-field  magnitudes  H  =   0.  0469  Oe  (upper)  and  0.  0217  Oe  (lower). 
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Fig.    3.      Measured  frequency  shifts  of  the  (1,  1)  < — >(0,  0)  resonance  for 
H    =   0.  0141   Oe  (upper)  and  0.  015  0  Oe  (lower). 
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Fig.    4.      Measured  frequency  shift  of  the  (1,  1)  --(0,  0)  resonance  for 

H  =0.  0108  Oe. 
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Fig.    5.     Measured  variation  of  the  resonance  line  width  as  a  function  of 
excitation  intensity. 
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Fig.    6.      Rate  of  frequency  shift  as  a  function  of  c-field  magnitude. 
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Fig.    7.      Some  hyperfine  structure  levels  of  the  ground  state  of  a  cesium- 133 
atom  in  a  weak  external  magnetic  field. 
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